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Introduction
Let L 2 (Γ 2 ) and H 2 (Γ 2 ) be the Lebesgue and Hardy spaces on Γ 2 = {(z, w); |z| = |w| = 1}, respectively. Let D 2 = {(z, w); |z| < 1, |w| < 1}. We denote by z, w the coordinate functions on Γ 2 . Let L z and L w be the multiplication operators on L 2 (Γ 2 ) by z and w, respectively. A closed subspace M of L 2 (Γ 2 ) is called invariant if L z M ⊂ M and L w M ⊂ M. See [1, 8] for the study of invariant subspaces. For an invariant subspace M of
we have
We have ϕw 
where ϕ is a unimodular function on Γ 2 , r is a real number with 0 < |r| < 1, and span denotes the linear span.
Similarly to Theorem 1, we have the following theorem.
Theorem 2. For every positive integer n, there exists an invariant subspace of
Proof. In (ii) of Theorem B, we can choose an inner function ϕ satisfying ϕ/(
Now we study invariant subspaces with rank[R w , R * z ] = 1. For each a ∈ D with a = 0, there exists an inner function ϕ satisfying
and M 1 is an invariant subspace of
Mandrekar's theorem [6] says that for an invariant subspace M of H 2 (Γ 2 ), [R w , R * z ] = 0 if and only if M = ϕH 2 (Γ 2 ) for an inner function ϕ. Combining Theorem 3 and Mandrekar's theorem, we have the following corollary.
Corollary 4. There are no inner functions ψ with
Next, we generalize Theorem 3 a little. Let (k, n) be a fixed pair of positive integers and N be a positive integer. Let a ∈ D with a = 0. As the proof of Theorem 1, there exists an inner function ϕ such that
Let ψ(z) be a one-variable inner function and M (k,n,N,ψ) be the invariant subspace of H 2 (Γ 2 ) generated by
or in another writing, generated by n,N,ψ) . The rank of [R w , R * z ] depends on N and ψ(z).
Proof. It is sufficient to study
. We divide the proof into three cases. 
so that we have
Hence M 0 (k,n,N,ψ) is generated by 
